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1 Introduction
In this article, we study the spectral and scattering theory for $N$-body quantum systems in a
constant magnetic field which contain some neutral particles.
The scattering theory for $N$-body quantum systems in aconstant magnetic field has been
studied by G\’erard-Laba [17, 11, 12] (see also [13]). But they have assumed that all particles in
the systems are charged, that is, there is no neutral particle in the systems under consideration,
even if the systems consist of only two particles (see also [17, 18]). Under this assumption, if
there is no neutral proper subsystem, one has only to observe the behavior of all subsystems
parallel to the magnetic field. Skibsted $[24, 25]$ studied the scattering theory for $\mathrm{i}\mathrm{V}$-body
quantum systems in combined constant electric and magnetic fields, but his result needs the
asymptotic completeness for the systems in aconstant magnetic field.
Recently we studied the scattering theory for atw0-body quantum system, which consists
of one neutral and one charged particles, in aconstant magnetic field (see [1]). Showing how
to choose aconjugate operator for the Hamiltonian which governs the system was one of the
ingredients in [1]. By virtue of this, we obtained the Mourre estimate and used it in order to
obtain the s0-called minimal velocity estimate which is one of useful propagation estimates.
Throughout this article, we consider an $N$-body quantum system which contains $N-1$ neu-
tral particles and just one charged particle in aconstant magnetic field. Our goal is to prove
the asymptotic completeness of this system under short-range assumptions on the pair poten-
tials. For achieving it, it is useful to obtain the Mourre estimate for the Hamiltonian which
governs this system. The Mourre estimate is powerful also in studying spectral properties of
the Hamiltonian. Finding aconjugate operator for the Hamiltonian is one of the ingredients in
this article.
We consider asystem of $N$ particles moving in agiven constant magnetic field $B=$
$(0, 0, B)\in R^{3}$ , $B>0$ . For $j=1$ , $\ldots$ , $N$ , let $m_{j}>0$ , $q_{j}\in R$ and $x_{j}\in R^{3}$ be the
mass, charge and position vector of the $j$ -th particle, respectively. Throughout this article, we
assume that the last particle is charged and the rest are neutral, that is,
$q_{j}=0$ if $1\leq j\leq N-1$ , $q_{N}\neq 0$ . (1.1)
In particular, the total charge $q= \sum_{j}q_{j}$ of the system is non-zero in this case
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The total Hamiltonian for the system is defined by
$\tilde{H}=(\sum_{j=1}^{N-1}\frac{1}{2m_{j}}D_{x_{j}}^{2})+\frac{1}{2m_{N}}(D_{x_{N}}-q_{N}A(x_{N}))^{2}+V$ (1.3)
acting on $L^{2}(R^{3\mathrm{x}N})$ , where the potential $V$ is the sum of the pair potentials $V_{jk}(x_{j}-x_{k})$ , that
IS,
$V$
$= \sum_{1\leq j<k\leq N}V_{jk}(x_{\mathrm{j}}-x_{k})$
,
$D_{x_{j}}=-i\nabla_{x_{j}}$ , $j=1$ , $\ldots$ , $N$, is the momentum operator of the $j$ -th particle, and $A(r)$ is the
vector potential. Using the Coulomb gauge, the vector potential $A(r)$ is given by
$A(r)= \frac{B}{2}(-r_{2}, r_{1},0)$ , $r=(r_{1}, r_{2}, r_{3})$ . (1.3)
As is well-known, it is easy to remove the center of mass motion of the system parallel to the
field from the Hamiltonian $\tilde{H}$ (see e.g. [5]). In order to achieve it, we write the position $x_{j}$ of
the $j$ -th particle for $x_{j}=(y_{j}, z_{j})$ with $y_{j}\in R^{2}$ and $z_{j}\in R$ . Moreover we identify the vector
potential $A(x_{j})\in R^{3}$ with $A(y_{j})\equiv(B/2)(-y_{j,2}, y_{j,1})\in R^{2}$ because $A(x_{j})$ can be written
as $(A(y_{j}), 0)$ . Thus we study the spectral and scattering theory for the following Hamiltonian:
$H=( \sum_{j=1}^{N-1}\frac{1}{2m_{j}}D_{y_{j}}^{2})+\frac{1}{2m_{N}}(D_{yN}-q_{N}A(y_{N}))^{2}-\frac{1}{2}\Delta_{z^{a_{\mathrm{m}\infty}}}+V$ (1.4)
acting on $L^{2}(R^{2\mathrm{x}N}\cross Z^{a_{\mathrm{m}\mathrm{w}}})$ , where $Z^{a_{\mathrm{m}\infty}}$ is defined by
$Z^{a_{\mathrm{m}\mathrm{m}}}= \{z=(z_{1}, \ldots, z_{N})\in R^{N}|\sum_{j=1}^{N}m_{j}z_{j}=0\}$
which is equipped with the metric
$\langle z,\tilde{z}\rangle.=\sum_{j=1}^{N}m_{j}z_{j}\tilde{z}_{j}$, $|z|_{1}=\sqrt{\langle z,z\rangle}$
for $z=$ $(z_{1}, \ldots, z_{N})\in R^{N}$ and $\tilde{z}=(\tilde{z}_{1}, \ldots,\tilde{z}_{N})\in R^{N}$ , and $\Delta_{z^{a_{\mathrm{m}\infty}}}$ is the Laplace-Beltrami
operator on $Z^{a_{\max}}$ .
Moreover, introducing the total pseudomomentum $k_{\mathrm{t}\mathrm{o}\mathrm{t}\mathrm{a}1}$ of the system perpendicular to the
field $B$ which is defined by
$k_{\mathrm{t}\mathrm{o}\mathrm{t}\mathrm{a}1}=( \sum_{j=1}^{N-1}D_{y_{\dot{g})}}+(D_{yN}+q_{N}A(y_{N})),$ (1.5)
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one can remove the dependence on $k_{\mathrm{t}\mathrm{o}\mathrm{t}\mathrm{a}1}$ from the Hamiltonian $H$ : It is well-known that $k_{\mathrm{t}\mathrm{o}\mathrm{t}\mathrm{a}1}$
commutes with $H$ , and that since the total charge $q=q_{N}$ of this system is non-zero, the two
components of the total pseudomomentum $k_{\mathrm{t}\mathrm{o}\mathrm{t}\mathrm{a}1}$ cannot commute with each other, but satisfy
the Heisenberg commutation relation (see e.g. [5]). Now we introduce the unitary operator
$U=e^{-iy_{\mathrm{c}\mathrm{m}}\cdot qA(y_{\mathrm{c}\mathrm{c}})}e^{iqBy_{\mathrm{c}\mathrm{m},1}y_{\mathrm{c}\mathrm{m}},2/2}e^{iD_{y_{\mathrm{c}\mathrm{m}},1}D_{y\mathrm{c}\mathrm{m}^{2}},/(qB)}$ (1.6)
on $L^{2}(R^{2\cross N}\cross Z^{a_{\max}})$ with
$y_{\mathrm{c}\mathrm{m}}= \frac{1}{M}\sum_{j=1}^{N}m_{j}y_{j}$ , $y_{\mathrm{c}\mathrm{c}}= \frac{1}{q}\sum_{j=1}^{N}q_{j}y_{j}$ , (1.7)
where $M= \sum_{j}m_{j}$ is the total mass of the system. We note that $y_{\mathrm{c}\mathrm{c}}=y_{N}$ holds in this case.
Then we obtain
$U^{*}k_{\mathrm{t}\mathrm{o}\mathrm{t}\mathrm{a}1,1}U=D_{y_{\mathrm{c}\mathrm{m},1}}$ , $U^{*}k_{\mathrm{t}\mathrm{o}\mathrm{t}\mathrm{a}1,2}U=qBy_{\mathrm{c}\mathrm{m},1}$ , (1.8)
and see that $U^{*}HU$ is independent of $(D_{y_{\mathrm{c}\mathrm{m},1}}, qBy_{\mathrm{c}\mathrm{m},1})$ (see [10, 11, 12], [24, 25] and [1, 2]).
Here the dot . means the usual Euclidean metric, and we wrote $k_{\mathrm{t}\mathrm{o}\mathrm{t}\mathrm{a}1}=(k_{\mathrm{t}\mathrm{o}\mathrm{t}\mathrm{a}1,1}, k_{\mathrm{t}\mathrm{o}\mathrm{t}\mathrm{a}1,2})$ , $y_{\mathrm{c}\mathrm{m}}=$
$(y_{\mathrm{c}\mathrm{m},1}, y_{\mathrm{c}\mathrm{m},2})$ and $D_{y_{\mathrm{c}\mathrm{m}}}=(D_{y_{\mathrm{c}\mathrm{m},1}}, D_{y_{\mathrm{c}\mathrm{m},2}})$ . Thus one can identify the Hamiltonian $U^{*}HU$
acting on $U^{*}L^{2}(R^{2\cross N}\cross Z^{a_{\max}})$ with an operator acting on $\mathcal{H}=L^{2}(\mathrm{Y}^{a_{\max}}\cross R_{y_{\mathrm{c}\mathrm{m}},2}\cross Z^{a_{\max}})$ ,
where $\mathrm{Y}^{a_{\max}}$ is defined by
$\mathrm{Y}^{a_{\max}}=\{y=(y_{1}, \ldots, y_{N})\in R^{2\mathrm{x}N}|\sum_{j=1}^{N}m_{j}y_{j}=0\}$
which is equipped with the metric
$\langle y,\tilde{y}\rangle=\sum_{j=1}^{N}m_{j}y_{j}\cdot\tilde{y}_{j}$ , $|y|_{1}=\sqrt{\langle y,y\rangle}$
for $y=$ $(y_{1}, \ldots, y_{N})\in R^{2\cross N}$ and $\tilde{y}=(\tilde{y}_{1}, \ldots,\tilde{y}_{N})\in R^{2\mathrm{x}N}$ . We denote this reduced
Hamiltonian acting on $H$ by $\hat{H}$ . It is apart of our goal to study ihe spectral theory for $\hat{H}$ .
Now we state the assumptions on the pair potentials $V_{jk}$ . For $r=(r_{1}, r_{2}, r_{3})\in R^{3}$ , we de-
note $(r_{1}, r_{2})$ by $r_{[perp]}$ and write $\nabla_{r}[perp]=\nabla_{[perp]}$ . For any interval $I\subset R$ , we denote the characteristic
function of I on $R$ by $1_{I}$ .
(V. I) $V_{jk}=V_{jk}(r)\in L^{2}(R^{3})+L_{\epsilon}^{\infty}(R^{3})(1\leq j<k\leq N)$ is areal-valued function.
(V.2) If $j$ and $k$ satisfy that $1\leq j<k\leq N-1$ , $r\cdot\nabla V_{jk}\mathrm{i}\mathrm{s}-\Delta$-bounded and satisfies
$||1[1, \infty)(\frac{|r|}{R})r\cdot\nabla V_{jk}(-\Delta+1)^{-1}.||=O(R^{-}’)_{:}$ $Rarrow\infty$ ,
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for some $\mu>0$ . Otherwise, that is, if l satisfies that $1\leq l\leq N$ –1, $\nabla_{[perp]}V_{lN}$ , $|\nabla_{[perp]}V_{lN}|^{2}$ and
r. $\nabla V_{lN}$ are $\mathrm{a}11-\Delta$-bounded, and satisfy
$||1_{[1,\infty)}( \frac{|r|}{R})\nabla_{[perp]}V_{lN}(-\Delta+1)^{-1}||=O(R^{-\mu})$ , $Rarrow\infty$ ,
$||1_{[1,\infty)}( \frac{|r|}{R})|\nabla_{[perp]}V_{lN}|^{2}(-\Delta+1)^{-1}||=O(R^{-\mu})$ , $Rarrow\infty$ ,
$||1_{[1,\infty)}( \frac{|r|}{R})r\cdot\nabla V_{lN}(-\Delta+1)^{-1}||=O(R^{-\mu})$ , $Rarrow\infty$ ,
for some $\mu>0$ .
(V.3) $\mathrm{I}\mathrm{f}j$ and $k$ satisfy that $1\leq j<k\leq N-1$ , $(r\cdot\nabla)^{2}V_{jk}$ is-A-bounded. Otherwise, that
is, if $l$ satisfies that $1\leq l\leq N-1$ , $(\nabla_{[perp]})^{2}V_{lN}$ , $(r\cdot\nabla)^{2}V_{lN}$ , $\nabla_{[perp]}(r\cdot\nabla V_{lN})$ and $r_{[perp]}:$ $\nabla_{[perp]}V_{lN}$ are
$\mathrm{a}11-\Delta$-bounded.
(SR) $V_{jk}$ satisfies that $\nabla V_{jk}$ is-A-bounded and
$||1_{[1,\infty)}( \frac{|r|}{R})V_{jk}(-\Delta+1)^{-1}||=O(R^{-\mu S1})$ ,
$||1_{[1,\infty)}( \frac{|r|}{R})\nabla V_{jk}(-\Delta+1)^{-1}||=O(R^{-1-\mu S2})$
as $Rarrow\infty$ , with $\mu_{S1}>1$ and $\mu_{S2}>0$ .
Under these assumptions, the Hamiltonians $H$ and $\hat{H}$ are self-adjoint.
To formulate the main result in this article precisely, we introduce some notations in many
body scattering theory:Anon-empty subset of the set $\{$ 1, $\ldots$ , $N\}$ is called acluster. Let $C_{j}$ ,
$1\leq j\leq j_{0}$ , be clusters. If $\bigcup_{1\leq j\leq j_{0}}C_{j}=\{1, \ldots, N\}$ and $C_{j}\cap C_{k}=\emptyset$ for $1\leq j<k\leq j_{0}$ ,
$a=\{C_{1}, \ldots, C_{j_{0}}\}$ is called acluster decomposition. We denote by $\#(a)$ the number of
clusters in $a$ . Let $A$ be the set of all cluster decompositions. Suppose $a$ , $b\in A$. If $b$ is a
refinement of $a$ , that is, if each cluster in $b$ is asubset of acertain cluster in $a$, we say $b\subset a$,
and its negation is denoted by $b\not\subset a$ . Any cluster decomposition $a$ can be regarded as a
refinement of itself. If, in particular, $b$ is astrict refinement of $a$, that is, if $b\subset a$ and $b\neq a$,
we denote by $b\subsetarrow a$ . We identify the pair $(j, k)$ with the $(N-1)$ cluster decomposition
$\{\{j, k\}, \{1\}, \ldots, \{\check{j}\}, \ldots, \{\check{k}\}, \ldots, \{N\}\}$. We denote by $a_{\max}$ and $a_{\min}$ the 1-and N-cluster
decompositions, respectively. In this article, we often use the following notation
$A(a_{\max})=A$ $\backslash \{a_{\max}\}$ .
We divide clusters into three types, that is, neutral, charged and mixed ones :Let $a=$
$\{C_{1}, \ldots, c_{\#(a)}\}\in A$. Choose $j_{1}$ such that $1\leq j_{1}\leq\#(a)$ and $\{N\}\subset C_{j_{1}}$ . Of course,
this $j_{1}$ associated with $a$ exists uniquely. If necessary, by renumbering the clusters in $a$ , one
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can put $j_{1}=\#(a)$ without loss of generality. $C_{j}$ , $j=1$ , $\ldots$ , $\#(a)-1$ , are called neutral
clusters. If $C_{\#(a)}=\{N\}$ , $C_{\#(a)}$ is called charged cluster. Otherwise, $C_{\#(a)}$ is called amixed
cluster.




acting on $L^{2}(R^{2\cross N}\cross Z^{a_{\max}})$ . We define the innercluster Hamiltonian $H^{C_{\mathrm{j}}}$ on $L^{2}(R^{2\cross\#(C_{j})}\cross$
$Z^{C_{j}})$ for each cluster $C_{j}=\{c_{j}(1), \ldots, c_{j}(\#(C_{j}))\}$ in $a$ , where $\#(C_{j})$ is the number of the





For acharged cluster $C_{\#(a)}$ , $H^{C}\#(a)$ is defined by
$H^{C_{\#(a)}}= \frac{1}{2m_{N}}(D_{yN}-q_{N}A(y_{N}))^{2}$. (1.11)





where $C_{\#(a)}^{\mathrm{n}}=C\#(\mathrm{a})$ $\backslash \{N\}$ . What we should emphasize here is that this $H^{C}\#(a)$ is just the
$\#(C_{\#(a)})$ -body Hamiltonian under consideration. Here the configuration space $Z^{C_{j}}$ is defined
by
$Z^{C_{j}}= \{(z_{c_{j}(1)}, \ldots, z_{c_{j}(\#(C_{j}))})\in R^{\#(C_{j})}|\sum_{l=1}^{\#(C_{j})}m_{c_{j}(l)}z_{c_{j}(l)}=0\}$ ,
which is equipped with the metric defined by
$\langle\zeta,\tilde{\zeta}\rangle=\sum_{l=1}^{\#(C_{j})}m_{c_{j}(l)}z_{c_{j}(l)}\tilde{z}_{c_{j}(l)}$ , $|\zeta|_{1}=\sqrt{\langle\zeta,\zeta\rangle}$
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for \langle $=$ $(z_{c_{j}(1)},$\ldots ,$z_{c_{j}(\#(C_{j}))})\in R^{\#(C_{j})}$ and $\tilde{\zeta}=(\tilde{z}_{c_{\mathrm{j}}(1)}, \ldots,\tilde{z}_{c_{\mathrm{j}}(\#(C_{j}))})\in R^{\#(C_{\mathrm{j}})}$ , and $\Delta_{z^{C_{j}}}$
is the Laplace-Beltrami operator on $Z^{C_{j}}$ . We also define two subspaces $Z^{a}$ and $Z_{a}$ of $Z^{a_{\mathrm{m}\infty}}$ by
$Z^{a}= \{z\in Z^{a_{\mathrm{m}\mathrm{w}}}|\sum_{l\in C_{\mathrm{j}}}m_{l}z_{l}=0$ for each cluster $C_{j}\in a\}$ , $Z_{a}=Z^{a}-\ominus Z^{a}$ .
And we denote by $\Delta_{z^{a}}$ and $\Delta_{z_{a}}$ the Laplace-Beltrami operators on $Z^{a}$ and $Z_{a}$ , respectively.
As is well-known, one can identify $Z^{a}$ with $Z^{C_{1}}\oplus\cdots\oplus Z^{C}\#(a)$ . The cluster Hamiltonian $H_{a}$
is decomposed into the sum of all the innercluster Hamiltonians $H^{C_{\mathrm{j}}}\mathrm{a}\mathrm{n}\mathrm{d}-\Delta_{z_{a}}/2$ :
$H_{a}=( \sum_{j=1}^{\#(a)}Id\otimes\cdots\otimes Id\otimes H^{C_{j}}\otimes Id\otimes\cdots\otimes Id)+Id\otimes\cdots\otimes Id\otimes(-\frac{1}{2}\Delta_{z_{a}})$
(1.13)
on $L^{2}(R^{2\mathrm{x}N}\cross Z^{a_{\mathrm{m}\mathrm{m}}})=L^{2}(R^{2\mathrm{x}\#(C_{1})}\cross Z^{C_{1}})\otimes\cdots\otimes L^{2}(R^{2\mathrm{x}\#(c_{\#(a)})}\cross Z^{C}\#(a))\otimes L^{2}(Z_{a})$.
We consider the sum of all the neutral innerclusterHamiltonians $H^{C_{\mathrm{j}}}$ , $j=1\ldots$ , $\#(a)-1$ :
$K(a)= \sum_{j=1}^{\#(a)-1}Id\otimes\cdots\otimes Id\otimes H^{C_{\mathrm{j}}}\otimes Id\cdots$ c&Id (1.14)
on $\mathcal{K}(a)=L^{2}(R^{2\mathrm{x}\#(C_{1})}\cross Z^{C_{1}})\otimes\cdots\otimes L^{2}(R^{2\cross\#(C_{\#(a)-1})}\cross Z^{C}\#(a)-1)$ . If one removes the center
of mass motion perpendicular to the field $B$ of this $(N-\#(C_{\#(a)}))$ -body system ffom $K(a)$ ,
the obtained Hamiltonian is an $(N-\#(C_{\#(a)}))$ -body Schrodinger operator without external
electromagnetic fields in the center ofmass frame:We equip $R^{2\mathrm{x}\#(C_{j})}$ , $j=1$ , $\ldots$ , $\#(a)-1$ ,
with the metric
$\langle\eta,\tilde{\eta}\rangle=\sum_{l=1}^{\#(C_{\mathrm{j}})}m_{\mathrm{C}_{\mathrm{j}(l)y_{c_{j}}(l)\tilde{y}_{c_{j}(l)}}}\cdot$ , $|\eta|_{1}=\sqrt{\langle\eta,\eta\rangle}$
for $\eta=(y_{c_{j}(1)}, \ldots, y_{c_{\mathrm{j}}(\#(C_{\mathrm{j}}))})\in R^{2\cross\#(C_{j})}$ and $\tilde{\eta}=(\tilde{y}_{c_{j}(1)}, \ldots,\tilde{y}_{c_{j}(\#(C_{\mathrm{j}}))})\in R^{2\mathrm{x}\#(C_{\mathrm{j}})}$ , and
define two subspaces $\mathrm{Y}^{C_{\mathrm{j}}}$ and $\mathrm{Y}_{C_{j}}$ of $R^{2\cross\#(C_{j})}$ by
$\mathrm{Y}^{C_{\dot{g}}}=\{(y_{c_{\mathrm{j}}(1)}, \ldots, y_{c_{\mathrm{j}}(\#(C_{j}))})\in R^{2\mathrm{x}\#(C_{\mathrm{j}})}|\sum_{l=1}^{\#(C_{\mathrm{j}})}m_{c_{\mathrm{j}}(l)}y_{c_{j}(l)}=0\}$,
$\mathrm{Y}_{C_{j}}=R^{2\mathrm{x}\#(C_{\mathrm{j}})}\ominus \mathrm{Y}^{C_{\mathrm{j}}}$.
And we put $X^{C_{j}}=\mathrm{Y}^{C_{\mathrm{j}}}\cross Z^{C_{j}}$ and $X^{a,\mathrm{n}}=X^{C_{1}}\cross\cdots\cross X^{C_{*(a)-1}}$ , and define two subspaces $\mathrm{Y}^{a,\mathrm{n}}$
and $\mathrm{Y}_{a,\mathrm{n}}\mathrm{o}\mathrm{f}R^{2\mathrm{x}(N-\#(C_{\#(a)}))}$by $\mathrm{Y}^{a,\mathrm{n}}=\mathrm{Y}^{C_{1}}\cross\cdots\cross \mathrm{Y}^{C}\#(a)-1$ and $\mathrm{Y}_{a,\mathrm{n}}=R^{2\mathrm{x}(N-\#(C_{\#(a)}))}\ominus \mathrm{Y}^{a,\mathrm{n}}$
which are equipped with the metric $\langle$ , $\rangle$ . Then $K(a)$ can be decomposed into
$K(a)=K^{a} \otimes Id+Id\otimes(-\frac{1}{2}\Delta_{y_{a.\mathrm{n}}})$ (1.13)
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on $\mathrm{K}(\mathrm{a})=L^{2}(X^{a,\mathrm{n}})\otimes L^{2}(\mathrm{Y}_{a,\mathrm{n}})$ , where $\Delta_{y_{a,\mathrm{n}}}$ is the Laplace-Beltrami operator on $\mathrm{Y}_{a,\mathrm{n}}$ . As
we mentioned above, this Hamiltonian $K^{a}$ is an (N $-\#(C_{\#(a)}))$ -body Schr\"odinger operator
without external electromagnetic fields in the center of mass frame. Thus we have
$H_{a}=K^{a}\otimes Id\otimes Id\otimes Id+Id\otimes H^{C}\#(a)\otimes Id$ a $Id$
$+Id \otimes Id\otimes(-\frac{1}{2}\Delta_{y_{a,\mathrm{n}}})\otimes Id+Id\otimes Id\otimes Id\otimes(-\frac{1}{2}\Delta_{z_{a}})$
(1.16)
on $L^{2}(R^{2\mathrm{x}N}\cross Z^{a_{\max}})=L^{2}(X^{a,\mathrm{n}})\otimes L^{2}(R^{2\cross\#(C_{\#(a)})}\cross Z^{C_{\#(a)}})\otimes L^{2}(\mathrm{Y}_{a,\mathrm{n}})\otimes L^{2}(Z_{a})$ . Denoting
by $\tilde{P}^{a}$ and $\hat{P}^{a}$ the eigenprojections for $K^{a}$ on $L^{2}(X^{a,\mathrm{n}})$ and for $H^{C}\#(a)$ on $L^{2}(R^{2\cross\#(C_{\#(a)})}\cross$
$Z^{C_{\#(a)}})$ , respectively, we put
$P^{a}=\tilde{P}^{a}\otimes\hat{P}^{a}\otimes Id\otimes Id$
on $L^{2}(R^{2\mathrm{x}N}\cross Z^{a_{\max}})=L^{2}(X^{a,\mathrm{n}})\otimes L^{2}(R^{2\cross\#(C_{\#(a)})}\cross Z^{C_{\#(a)}})\otimes L^{2}(\mathrm{Y}_{a,\mathrm{n}})\otimes L^{2}(Z_{a})$ .
Then the usual wave operators $W_{a}^{\pm}$ , $a\in A(a_{\max})$ , are defined by
$W_{a}^{\pm}= \mathrm{s}-\lim_{\infty tarrow}e^{itH}e^{-itH_{a}}P^{a}$ . (1.17)
The main result of this article is the following theorem.
Theorem 1.1. Assume that (V. $\mathrm{I}$ ), (V.I), (V.3) and (SR) arefulfilled. Then the usual wave
operators $W_{a}^{\pm}$ , $a\in A(a_{\max})$, exist and are asymptotically complete
$L_{c}^{2}(H)=a \in A(a_{\max}\sum\oplus)$
Ran $W_{a}^{\pm}$ .
Here $L_{c}^{2}(H)$ is the continuous spectral subspace of the Hamiltonian $H$.
The problem of the asymptotic completeness for $N$-body quantum systems has been stud-
ied by many mathematicians and they have succeeded. For example, for $N$-body Schr\"odinger
operators without external electromagnetic fields, this problem was first solved by Sigal-
Soffer [22] for alarge class of short-range potentials, and some alternative proofs appeared
(see e.g. Graf [14] and Yafaev [26]). On the other hand, for the long-range case, $\mathrm{D}\mathrm{e}\mathrm{r}\mathrm{e}\mathrm{z}\mathrm{i}\acute{\mathrm{n}}\mathrm{s}\mathrm{k}\mathrm{i}[7]$
solved this problem with arbitrary $N$ for the class of potentials decaying like $O(|x_{j}-x_{k}|^{-\mu L})$
with some $\mu_{L}>\sqrt{3}-1$ (see also e.g. [8]). As for the results for the systems in external
electromagnetic fields, see e.g. the references in [8] and [13].
Throughout this article, we assume that the number of charged particles $L$ in the system
under consideration is just one. In the case when $L\geq 2$ , by virtue of the constant magnetic
field, the physical situation in $R^{3}$ seems quite different from the one in $R^{2}$ : Imagine AT-body
quantum scattering pictures both in $R^{3}$ and in $R^{2}$ under the influence of aconstant magnetic
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field. Suppose that the last $L$ particles are charged and cannot form any neutral clusters. Put
$C^{\mathrm{n}}=\{1, \ldots, N-L\}$ and $C^{\mathrm{c}}=\{N-L+1, \ldots, N\}$ , and introduce the set of cluster
decompositions
$B$ $=\{a=\{C_{1}, \ldots, C_{\#(a)}\}\in A|C^{\mathrm{c}}\subset C_{\#(a)}\}$
with renumbering the clusters in $a$ if necessary. For simplicity of the argument below, we
suppose that the pair potentials are “short-rang\"e. As in the case when $L=1$ , one can also
introduce the Hamiltonian $H$, cluster Hamiltonians $H_{a}$ and the wave operators $W_{a}^{\pm}$ . Then one
expects that the statement of the asymptotic completeness says that
$L_{c}^{2}(H)= \sum\oplus a\in A(a_{\mathrm{m}\mathrm{m}})$
Ran $W_{a}^{\pm}$
when the space dimension is three. As is well-known, it is equivalent to that the time evolution
of any scattering state $\psi$ $\in L_{c}^{2}(H)$ is asymptotically represented as
$e^{-:tH}\psi$
$= \sum_{a\in A(a_{\mathrm{m}\mathrm{m}})}e^{-:tH_{a}}P^{a}\psi_{a}^{\pm}+o(1)$
as $t$ $arrow\pm\infty$ (1. 18)
with some $\psi_{a}^{\pm}\in L^{2}(R^{2\mathrm{x}N}\cross Z^{a_{\mathrm{m}}}\infty)$ . We note that each summand $e^{-:tH_{a}}P^{a}\psi_{a}^{\pm}$ describes the
motion of the particles in which those in the clusters in $a$ form bound states and the centers
of mass of the clusters in $a$ move ffeely. Since the motion of the particles parallel to the
magnetic field $B$ is not influenced by $B$ , we need take asuperposition of $e^{-:tH_{a}}P^{a}\psi_{a}^{\pm}$ whose
index $a$ ranges in the whole of $A(a_{\max})$ in general, as in the case when $H$ is ausual TV-body
Schrodinger operators without external electromagnetic fields.




where $B(a_{\max})=B$ $\backslash \{a_{\max}\}\subset A(a_{\max})$ . This says that the time evolution of any scat-
te ing state $\psi$ $\in L_{c}^{2}(H)$ is asymptotically represented by asuperposition of $e^{-:tH_{a}}P^{a}\psi_{a}^{\pm}$ ,
$a\in B(a_{\max})$ , which particularly describes the particles in the only charged cluster C#(o)
in $a\in B(a_{\max})$ form bound states. The reason why we should take this $B(a_{\max})$ instead of
$A(a_{\max})$ is as follows :All charged particles are bound in the directions perpendicular to the
magnetic field $B$ by the influence of $B$ , because they cannot form any neutral clusters. So
one expects that the distance among all charged particles is bounded with respect to time $t$,
and one can suppose that all charged particles belong to the same cluster. Hence we need
not consider cluster decompositions $a\in A(a_{\max})$ which have at least two charged clusters.
Moreover, neutral particles can move freely without being influenced by the magnetic field $B$
even when the space dimension is two. Thus one should study the motion of particles in the
directions perpendicular to $B$ more carefully in the case when $L\geq 2$ . Recently we proved the
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existence of aconjugate operator for the reduced Hamiltonian $\hat{H}$ and the Mourre estimate also
in this case, under the additional assumption that the interactions between neutral and charged
particles finite-range (see [3]). Though we assumed that the space dimension was three in
[3], the proof is valid also in the case when the space dimension is two, by virtue of that they
are finite-range.
Now what we would like to emphasize here is that the case in this article, that is, the case
when $L=1$ is the unique one in which
$B(a_{\max})=A(a_{\max})$
holds, because $C^{\mathrm{c}}=\{N\}$ only when $L=1$ . In fact, our argument can also be applied to
studying the problem in $R^{2}$ when $L=1$ , because the motion of the only charged particle in
the directions perpendicular to $B$ can be controlled by the total pseudomomentum $k_{\mathrm{t}\mathrm{o}\mathrm{t}\mathrm{a}1}$ which
does commute with the Hamiltonian $H$ . This fact is akey in order to prove the main result.
2The Mourre estimate
In this section, we find aconjugate operator for the Hamiltonian $\hat{H}$ .
First we define the set of thresholds $\ominus \mathrm{f}\mathrm{o}\mathrm{r}$ $H$ (or $\hat{H}$) by induction in the number of neutral
particles in the system. If $N=2$, we put $\ominus=\tau_{2}$ (see [1]). Here
$\tau_{N}=\{\frac{|q_{N}|B}{m_{N}}(n+\frac{1}{2})|n\in N\cup\{0\}\}$ . (2.1)
Next let $N\geq 3$ and suppose that the sets of thresholds are defined for all $k$-body sys-
tems in which the number of charged particles is just one, with 2 $\leq k\leq N-1$ . Let
$a=\{C_{1}, \ldots, C_{\#(a)}\}\in A(a_{\max})$ with $\{N\}\subset C_{\#(a)}$ . As we emphasized above, if $C_{\#(a)}$
is mixed, $H^{C}\#(a)$ is just the $\#(C_{\#(a)})$ -body Hamiltonian under consideration. Then one can
define the set of thresholds $\tau_{a,\mathrm{c}}$ for $H^{C}\#(a)$ by the assumption of induction. Here it seems con-
venient that in the case when $C_{\#(a)}$ is charged, one puts $\tau_{a,\mathrm{c}}=\emptyset$ . Put $\sigma_{a,\mathrm{c}}=\sigma_{\mathrm{p}\mathrm{p}}(H^{C_{\#(a)}})$ . Next
we consider $K(a)$ on $\mathcal{K}(a)$ . As we noted above, (1.15) holds, and $K^{a}$ is an $(N-\#(C_{\#(a)}))-$
body Schrodinger operator without external electromagnetic fields in the center ofmass frame.
Thus one can define the set of thresholds $\tau_{a,\mathrm{n}}$ for $K^{a}$ as in the usual way. Put $\sigma_{a,\mathrm{n}}=\sigma_{\mathrm{p}\mathrm{p}}(K^{a})$ .





Now we find the origin operator $A$ of aconjugate operator $\hat{A}$ for the Hamiltonian $\hat{H}$ . In order
to achieve it, we recall the argument in [1] for atw0-body system. Begin with the following
self-adjoint operator $A_{1}$ on $L^{2}(R^{2\mathrm{x}2}\cross Z^{a_{\mathrm{m}\infty}})$ for $H$ :
$A_{1}= \frac{1}{2}\{(\langle z^{a_{\mathrm{m}\infty}}, D_{z^{a_{\mathrm{m}\mathrm{w}}}}\rangle+\langle D_{z^{a_{\max}}}, z^{a_{\mathrm{m}\infty}}\rangle)+(y_{1}\cdot D_{y_{1}}+D_{y_{1}}\cdot y_{1})\}$ . (2.3)
Putting $H_{0}=H_{a_{\min}}$ , one can obtain the following commutation relation by astraightforward
computation :
$i[H_{0}, A_{1}]=- \Delta_{z^{a_{\mathrm{m}\mathrm{m}}}}+\frac{1}{m_{1}}D_{y_{1}}^{2}=2(H_{0}-\frac{1}{2m_{2}}(D_{y_{2}}-q_{2}A(y_{2}))^{2})$ . (2.4)
As is well-known, the spectrum of the last term consists of the Landau levels $\tau_{2}$ . The commute
tation relation (2.4) seems nice for studying the spectral theory for the reduced Hamiltonian
$\hat{H}$ . However, since $A_{1}$ does not commute with $k_{\mathrm{t}\mathrm{o}\mathrm{t}\mathrm{a}1}$, $U^{*}A_{1}U$ cannot be reduced on ??. In
order to overcome this difficulty, we introduce the self-adjoint operator $\hat{A}_{1}$ on $\prime H$ , which is
obtained by removing the dependence on the total pseudomomentum $(D_{y_{\mathrm{c}\mathrm{m}},1}, qBy_{\mathrm{c}\mathrm{m},1})$ ffom
the operator $U^{*}A_{1}U$ . This $\hat{A}_{1}$ is aconjugate opemtor for the reduced Hamiltonian $\hat{H}$ . In [11,
using the relative coordinates and the center of mass coordinates, we obtained this $\hat{A}_{1}$ , but its
representation was slightly complicated and unsuitable for generalizations to $N$-body systems.
Now we review the argument in [1] :We see that the self-adjoint operator $U(\hat{A}_{1}\otimes Id)U^{*}$ on
$L^{2}(R^{2\mathrm{x}2}\cross Z^{a_{\mathrm{m}\mathrm{r}}})=U(H \otimes L^{2}(R_{y_{\mathrm{c}\mathrm{m}},1}))$ can be written as
$U( \hat{A}_{1}\otimes Id)U^{*}=\frac{1}{2}\{(\langle z^{a_{\mathrm{m}\infty}}, D_{z^{a_{\mathrm{m}\infty}}}\rangle+\langle D_{z^{a_{\mathrm{m}\mathrm{r}}}}, z^{a_{\mathrm{m}\infty}}\rangle)+(w_{1}\cdot D_{y1}+D_{y1}\cdot w_{1})\}$ (2.5)
with
$w_{1}=y_{1}-\gamma_{\mathrm{c}\mathrm{c}}$, $\gamma_{\mathrm{c}\mathrm{c}}=-\frac{\dot{2}}{qB^{2}}A(h_{\mathrm{o}\mathrm{t}\mathrm{a}1})$ , (2.6)
where $Id$ is the identity operator on $L^{2}(R_{y_{\mathrm{c}\mathrm{m}},1})$ , and $\gamma_{\mathrm{c}\mathrm{c}}$ is called the center of orbit of the
center of charge of the system (see [5] and [11, 12, 13]). In this case, one knows that $q=q_{2}$ ,
of course. Now we note that
$y_{\mathrm{c}\mathrm{c}}- \gamma_{\mathrm{c}\mathrm{c}}=y_{2}-\gamma_{\mathrm{c}\mathrm{c}}=\frac{2}{qB^{2}}A(D_{y1}+(D_{y2}-q_{2}A(y_{2})))$ (2.7)
is $H$-bounded. Since $y_{\mathrm{c}\mathrm{c}}-\gamma_{\mathrm{c}\mathrm{c}}$ commutes with the total pseudomomentum $k_{\mathrm{t}\mathrm{o}\mathrm{t}\mathrm{a}1}$, $U^{*}(y_{\mathrm{c}\mathrm{c}}-\gamma_{\mathrm{c}\mathrm{c}})U$
is $\hat{H}$-bounded, where we regarded $U^{*}(y_{\mathrm{c}\mathrm{c}}-\gamma_{\mathrm{c}\mathrm{c}})U$ as the reduced one acting on $H$ . We notice
that one can write
$i[V_{12},\hat{A}_{1}]=-(x_{1}-x_{2})\cdot$ $\nabla V_{12}(x_{1}-x_{2})-(U^{*}(y_{2}-\gamma_{\mathrm{c}\mathrm{c}})U)\cdot$ $\nabla_{[perp]}V_{12}(x_{1}-x_{2})$
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on $\mathcal{H}$ , noting that $V_{12}$ commutes with $k_{\mathrm{t}\mathrm{o}\mathrm{t}\mathrm{a}1}$. Under the assumptions (V.I) and (V.2), we see
that $(\hat{H}_{0}+1)^{-1}i[V_{12},\hat{A}](\hat{H}_{0}+1)^{-1}$ is bounded on 7/, and that for any $\epsilon>0$ and real-valued
f $\in C_{0}^{\infty}(R)$ there exists acompact operator K on 7t such that
$f(\hat{H})i[V_{12},\hat{A}_{1}]f(\hat{H})\geq-\epsilon f(\hat{H})^{2}+K$
holds. Here we used the fact that $U^{*}(y_{\mathrm{c}\mathrm{c}}-\gamma_{\mathrm{c}\mathrm{c}})U$ is $\hat{H}$-bounded, which was mentioned above.
Since both $D_{y1}$ and $k_{\mathrm{t}\mathrm{o}\mathrm{t}\mathrm{a}1}$ commute with $H_{0}$ , it is clear that
(2.8)$i[ \hat{H}_{0},\hat{A}_{1}]=2(\hat{H}_{0}-U^{*}\{\frac{1}{2m_{2}}(D_{y_{2}}-q_{2}A(y_{2}))^{2}\}U)$
holds by virtue of (2.4), where $\hat{H}_{0}$ and $U^{*}\{(1/2m_{1})(D_{y2}-q_{2}A(y_{2}))^{2}\}U$ are the reduced
operators acting on ?? of $H_{0}$ and $(1/2m_{1})(D_{y2}-q_{2}A(y_{2}))^{2}$ , respectively. By virtue of these
two estimates, we obtained the desired Mourre estimate in [1] (see also Theorem 2.1 in this
section).
Now we return to the present problem. We define the origin operator $A$ of aconjugate
operator $\hat{A}$ for the reduced Hamiltonian $\hat{H}$ :
$A= \frac{1}{2}\{(\langle z^{a_{\max}}, D_{z^{a_{\max}}}\rangle+\langle D_{z^{a_{\max}}}, z^{a_{\max}}\rangle)+\sum_{j=1}^{N-1}(w_{j}\cdot D_{y_{j}}+D_{y_{j}}\cdot w_{j})\}$ (2.9)
with
$w_{j}=y_{j}-\gamma_{\mathrm{c}\mathrm{c}}$ , $\gamma_{\mathrm{c}\mathrm{c}}=-\frac{2}{qB^{2}}A(k_{\mathrm{t}\mathrm{o}\mathrm{t}\mathrm{a}1})$ , $j=1$ , $\ldots$ , $N-1$ . (2.10)
We see that $A$ commutes with the total pseudomomentum $k_{\mathrm{t}\mathrm{o}\mathrm{t}\mathrm{a}1}$, by taking account of the fact
that $D_{y_{j}}$ and $w_{j}$ , $j=1$ , $\ldots$ , $N-1$ , commute with $k_{\mathrm{t}\mathrm{o}\mathrm{t}\mathrm{a}1}$. Here we note that $q=q_{N}$ and
$y_{\mathrm{c}\mathrm{c}}=y_{N}$ in this case, and that
(2.11)$y_{\mathrm{c}\mathrm{c}}- \gamma_{\mathrm{c}\mathrm{c}}=\frac{2}{qB^{2}}A((\sum_{j=1}^{N-1}D_{y_{j}})+(D_{yN}-q_{N}A(y_{N})))$
is $H_{0}$-bounded. We also notice that $U^{*}(y_{\mathrm{c}\mathrm{c}}-\gamma_{\mathrm{c}\mathrm{c}})U$ is $\hat{H}_{0}$ bounded since $y_{\mathrm{c}\mathrm{c}}-\gamma_{\mathrm{c}\mathrm{c}}$ commutes
with $k_{\mathrm{t}\mathrm{o}\mathrm{t}\mathrm{a}1}$ and is $H_{0}$ -bounded as we mentioned just now, where we regarded $U^{*}(y_{\mathrm{c}\mathrm{c}}-\gamma_{\mathrm{c}\mathrm{c}})U$
as the reduced one acting on ??. Since $D_{y_{j}}$ , $j=1$ , $\ldots$ , $N-1$ , and $k_{\mathrm{t}\mathrm{o}\mathrm{t}\mathrm{a}1}$ all commute with $H_{0}$ ,
it is clear that
$i[H_{0}, A]=- \Delta_{z^{a_{\max}}}.+\sum_{j=1}^{N-1}\frac{1}{m_{j}}D_{y_{j}}^{2}=2(H_{0}-\frac{1}{2m_{N}}(D_{yN}-q_{N}A(y_{N}))^{2})$ (2.10)
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holds. And we define aconjugate operator $\hat{A}$ for the reduced Hamiltonian $\hat{H}$ as the reduced
operator on $H$ of $A$ . The Nelson’s commutator theorem guarantees the self-adjointness of $A$
and $\hat{A}$ (see e.g. [21]). Moreover, by virtue of the fact that $U^{*}(y_{\mathrm{c}\mathrm{c}}-\gamma_{\mathrm{c}\mathrm{c}})U$ is $\hat{H}_{0}$ bounded
one can check that $(\hat{H}_{0}+1)^{-1}i[V,\hat{A}](\hat{H}_{0}+1)^{-1}$ is bounded on $H$ in the same way as in the
tw0-body case which we mentioned above, under the assumptions (V. I) and (V.2). We have
only to keep in mind that $w_{j_{1}}-w_{j_{2}}=y_{j_{1}}-y_{j_{2}}$ with $1\leq j_{1}$ , $j_{2}\leq N-1$ .
Then we have the following main result of this section by virtue of the abstract Mourre
theory (see e.g. [19] and [6]) and the HVZ theorem for the reduced Hamiltonian $\hat{H}$ (it is well-
known that the HVZ theorem for $H$ cannot hold, since $H$ has the s0-called Landau degeneracy
which was proved in [5] $)$ :
Theorem 2.1. Suppose that the potential $V$ satisfies the conditions (V. 1) and (V.2). Put
$d(\lambda)=\mathrm{d}\mathrm{i}\mathrm{s}\mathrm{t}(\lambda,$ $\Theta$ $\cap(-\infty, \lambda])$
for A $\geq\inf\Theta$, where $\Theta$ is as in (2.2). Then for any $\lambda\geq\inf\Theta$ and any $\epsilon>0$, there exists $a$
$\delta>0$ such thatfor any real-valued $f\in C_{0}^{\infty}(R)$ supported in the open interval $(\lambda-\delta, \lambda+\delta)$ ,
there exists a compact operator $K$ on $H$ such that
$f(\hat{H}.)i[\hat{H},\hat{A}]f(\hat{H})\geq 2(d(\lambda)-\epsilon)f(\hat{H})^{2}+K$ (2.13)
holds. Moreover, eigenvalues of $\hat{H}$ can accumulate only at $\Theta$, and $\Theta\cup\sigma_{\mathrm{p}\mathrm{p}}(\hat{H})$ is a closed
countable set.
As for the proof, see [2].
In order to study the scattering theory for the Hamiltonian $H$, the following corollary seems
useful, which follows ffom the fact that $\hat{H}$ is the reduced operator on $\mathcal{H}$ of $H$ and astandard
argument immediately (cf. [1]) :
Corollary 2.2. Suppose that the potential $V$ satisfies the conditions (V.I) and (V.2). Then
for any $\lambda\in R\backslash (\Theta\cup\sigma_{\mathrm{p}\mathrm{p}}(H))$ , there exist $\delta>0$ and $c>0$ such tlWrt for any real-valued
$f\in C_{0}^{\infty}(R)$ supported in the open interval $(\lambda-\delta, \lambda+\delta)$,
$f(H)i[H, A]f(H)\geq cf(H)^{2}$ (2.14)
holds.
3Propagation estimates
In this section, we introduce some propagation estimates which are useful for showing the
asymptotic completeness for the system under consideration
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Throughout this section, we assume that the potential $V$ satisfies the following condition
(LR) as well as (V. $\mathrm{I}$ ), (V.2) and (V.3).
(LR) $V_{jk}$ is decomposed as $V_{jk}=V_{jk,S}+V_{jk,L}$ , where real-valued $V_{jk,L}\in C^{\infty}(R^{3})$ such that
$|\partial_{r}^{\alpha}V_{jk,L}(r)|\leq C_{\alpha}\langle r\rangle^{-|\alpha|-\mu L}$ with $0<\mu_{L}\leq 1$ , and areal-valued VjkiS satisfies that $Wjk,s$ is
$-\Delta$-bounded and
$||1_{[1,\infty)}( \frac{|r|}{R})V_{jk,S}(-\Delta+1)^{-1}||=O(R^{-\mu S1})$ ,
$||1_{[1,\infty)}( \frac{|r|}{R})\nabla V_{jk,S}(-\Delta+1)^{-1}||=O(R^{-1-\mu S2})$
as $Rarrow\infty$ , with $\mu_{S1}>1$ and $\mu_{S2}>0$ .
One can use this condition (LR) in the study of long-range scattering for $N$-body quantum
systems in aconstant magnetic field under the condition that the number of charged particles
in the systems is only one. We note that by putting $V_{L}\equiv 0$ , (LR) implies (SR).
Inspired by [1], we first introduce the configuration space $\mathcal{X}=R^{2\mathrm{x}(N-1)}\cross Z^{a_{\max}}$ which is
equipped with the metric
$\langle_{-,-}^{--}--\sim\rangle=(\sum_{j=1}^{N-1}m_{j}y_{j}\cdot\tilde{y}_{j})+\langle z^{a_{\max}},\tilde{z}^{a_{\max}}\rangle$ , $|_{-}^{-}-|_{1}=\sqrt{\langle_{-,-}^{--}--\rangle}$
for $—=$ $(y_{1}, \ldots, y_{N-1}, z^{a_{\max}})\in \mathcal{X}$ and $—\sim=(\tilde{y}_{1}, \ldots,\tilde{y}_{N-1},\tilde{z}^{a_{\max}})\in \mathcal{X}$. We denote the
velocity operator associated $\mathrm{w}\mathrm{i}\mathrm{t}\mathrm{h}---\mathrm{b}\mathrm{y}$ $p_{-}--=-i\nabla---$ .
Now, for $a=\{C_{1}, \ldots, C_{\#(a)}\}\in A$ with $\{N\}\subset C_{\#(a)}$ , we introduce two subspaces $\mathcal{X}^{a}$
and $\mathcal{X}_{a}$ of $\mathcal{X}$ as follows:
$\mathcal{X}^{a}=\{$ $(y_{1}, \ldots, y_{N-1})\in R^{2\cross(N-1)}|\sum_{k\in C_{j}}m_{k}y_{k}=0$ for any $j=1$ , $\ldots$ , $\#(a)-1\}\cross Z^{a}$ ,
$\mathcal{X}_{a}=$ { $(y_{1}, \ldots, y_{N-1})\in R^{2\mathrm{x}(N-1)}|y_{l_{1}}=y_{l_{2}}$ if $l_{1}$ , $l_{2}\in C_{j}$ , for any $j–1$ , $\ldots$ , $\#(a)-1$ ;
$y_{k}=0$ if $k\in C_{\#(a)}$ } $\cross Z_{a}$ .
We see that these two subspaces are mutually orthogonal, and that $\mathcal{X}^{a}\oplus \mathcal{X}_{a}=\mathcal{X}$. We denote
by $\pi^{a}$. and $\pi_{a}$ the orthogonal projections of $\mathcal{X}$ onto $\mathcal{X}^{a}$ and $\mathcal{X}_{a}$ , respectively. And we write
$—a=\pi^{a}---\mathrm{a}\mathrm{n}\mathrm{d}$ $–a-=\pi_{a-}^{-}-$ . Denoting the velocity operators associated with $—a$ and $–a-$ by
$p_{\overline{=}^{a}}=-i\nabla_{-a}--$ and $p_{-a}\overline{-}=-i\nabla_{-a}--$ , respectively, we see that $p_{\overline{=}^{a}}$ $=\pi^{a}p---$ and $p_{-a}--=\pi_{a}p_{\overline{=}}$ . For
$a$ , $b\in A$, we denote the smallest cluster decomposition $c\in A$ with $a\subset c$ and $b\subset c$ by $a\cup b$,
whose existence and uniqueness are well-known. Then we note that for $a$ , $b\in A$
$\mathcal{X}_{a\cup b}=\mathcal{X}_{a}\cap \mathcal{X}_{b}$
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holds, which can be seen easily.
Now we can introduce the s0-called Graf vector field as in [14] and [7] (see also [8]) :
Proposition 3.1. There exist a smooth corrvexfunction $R(_{-}^{-}-)$ on $\mathcal{X}$, bounded smoothfunctions
$\tilde{q}_{a}(_{-}^{-}-)$ and $q_{a}(_{-}^{-}-)$ , $a\in 4$ on $\mathcal{X}$ which satisfy the following : $q\sim a(_{-}^{-}-)$ and $q_{a}(_{-}^{-}-)$ , $a\in 4$
have bounded derivatives. If $(j, k)\not\subset a$, $|_{-}^{-(j,k)}-|_{1}\geq\sqrt{3r^{N-1}}/10$ holds on $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\tilde{q}_{a}(_{-}^{-}-)$ and
$\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}q_{a}(_{-}^{-}-)$ . In particular, if $(j, k)\not\subset a$ and $j<k<N$, there exists some $c>0$ such that





$\max\{|_{-}^{-}-|_{1}^{2}, C_{1}\}\leq 2R(_{-}^{-}-)\leq|_{-}^{-}-|_{1}^{2}+C_{2}$ for sorrge $C_{1}$ , $C_{2}>0$ ,
$( \nabla_{-}--R)(_{-}^{-}-)=\sum_{a\in A}--a-\tilde{q}_{a}(_{-}^{-}-)$ ,
$( \nabla\frac{2}{=}R)(_{-}^{-}-)\geq\sum_{a\in A}\pi_{a}\tilde{q}_{a}(_{-}^{-}-)$
,
$\langle\xi, (\nabla\frac{2}{=}R)(_{-}^{-}-)\xi\rangle-\langle\xi, (\nabla_{-}--R)(_{-}^{-}-)\rangle-\langle(\nabla_{\equiv}R)(_{-}^{-}-),\xi\rangle+2R(_{-}^{-}-)\geq\sum_{a\in A}\tilde{q}_{a}(_{-}^{-}-)|\xi_{a}----a|_{1}^{2}$
for $\xi\in \mathcal{X}$, and that for any $a\in\lambda$ $R$ depends $on—a$ only in some neighborhood of $\mathcal{X}_{a}$.
$\partial_{\equiv}^{\alpha}(2R(_{-}^{-}-)-|_{-}^{-}-|_{1}^{2})$ , $\partial\frac{\alpha}{=}(\langle_{-}^{-}-, (\nabla_{\overline{=}}R)(_{-}^{-}-)\rangle-|_{-}^{-}-|_{1}^{2})$ and $\partial_{\equiv}^{\alpha}(\langle_{-}^{-}-, (\nabla_{\equiv}^{2}R)(_{-}^{-}-)_{-}^{-}-\rangle-|_{-}^{-}-|_{1}^{2})$ are all
boundedfunctions on $\mathcal{X}$ for any multi-index $\alpha$.
Following the argument of [5], we introduce the creation operator $\beta^{*}$ by using the total
pseudomomentum $k_{\mathrm{t}\mathrm{o}\mathrm{t}\mathrm{a}1}=(k_{\mathrm{t}\mathrm{o}\mathrm{t}\mathrm{a}1,1}, k_{\mathrm{t}\mathrm{o}\mathrm{t}\mathrm{a}1,2})$ as follows (see also 0]):
$\beta^{*}=\frac{1}{\sqrt{2}}(\frac{1}{qB}k_{\mathrm{t}\mathrm{o}\mathrm{t}\mathrm{a}1,2}-ik_{\mathrm{t}\mathrm{o}\mathrm{t}\mathrm{a}1,1)}.$ (3. 1)
Here we took account of (1.8). In the argument below, we use the localization of the number
operator $N_{0}=\beta^{*}\beta$ in addition to the localization of the energy.
Now we show the following important propagation estimate, which was due to Graf [14] in
the case of $N$-body Schrodinger operators without external electromagnetic fields (see also [7]
and [8] $)$ .
Theorem 3.2. Let $a\in A$ $J\in C_{0}^{\infty}(\mathcal{X})$ be a cut-Offfunction such that $J=1$ on $\{_{-}^{-}-\in \mathcal{X}|$
$|_{-}^{-}-|_{1}\leq\theta\}$ and $J\geq 0$, and $f$, $h\in C_{0}^{\infty}(R)$ be real-valued. Suppose that $\max\{(1+\mu_{S2})^{-1}$ , $(1+$
$\mu_{L})^{-1}\}<\nu\leq 1$. Then, for sufficiently large $\theta>0$, there exists a constant $C>0$ such that
for any $\psi$ $\in L^{2}(R^{2\mathrm{x}N}\cross Z^{a_{\mathrm{m}\mathrm{w}}})$
$\int_{1}^{\infty}|||\frac{--a-}{t}-p_{\overline{=}_{a}}|_{1}q_{a}(_{\overline{t^{\nu}}}^{-}-)-J(_{\overline{t}}^{-}-)-f(H)h(N_{0})e^{-\dot{|}tH}\psi||^{2}\frac{dt}{t}\leq C||\psi||^{2}$
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As for the proof, see [2].
When we take $\nu$ $=1$ in Theorem 3.2, one can obtain an improvement of Theorem 3.2 as
follows :
Theorem 3.3. Let $a\in A$, $J\in C_{0}^{\infty}(\mathcal{X})$ be a cut-Offfunction such that $J=1$ on $\{_{-}^{-}-\in \mathcal{X}|$
$|_{-}^{-}-|_{1}\leq\theta\}$ and $J\geq 0$, and $f$, $h\in C_{0}^{\infty}(R)$ be real-valued. Then, for sufficiently large $\theta>0$,
there exists a constant $C>0$ such thatfor any $\psi$ $\in L^{2}(R^{2\mathrm{x}N}\cross Z^{a_{\max}})$
$\int_{1}^{\infty}|||\frac{--a-}{t}-p_{\overline{=}_{a}}|_{1}^{1/-}2q_{a}(_{t}^{-}--)-J(_{t}^{-}--)f(H)h(N_{0})e^{-:tH}\psi||^{2}\frac{dt}{t}\leq C||\psi||^{2}$
holds.
As for the proof, see [2].
Next we introduce the following maximal velocity estimate.
Proposition 3.4. For any real-valued $f\in C_{0}^{\infty}(R)$ there exists $M>0$ such that for any
$M_{2}>M_{1}\geq M$ ,
$\int_{1}^{\infty}||1_{[M_{1\prime}M_{2}]}(\frac{|_{-}^{-}-|_{1}}{t})f(H)e^{-itH}\psi||^{2}\frac{dt}{t}\leq C||\psi||^{2}$
for any $\psi\in L^{2}(R^{2\mathrm{x}N}\cross Z^{a_{\max}})$, with $C>0$ independent of $\psi$ . Moreover, for any $\psi\in$
$L^{2}(R^{2\mathrm{x}N}\cross Z^{a_{\max}})$ such that $(1+|_{-}^{-}-|_{1})^{1/2}\psi\in L^{2}(R^{2\mathrm{x}N}\cross Z^{a_{\max}})$ ,
$\int_{1}^{\infty}||1_{[M_{1},\infty)}(\frac{|_{-}^{-}-|_{1}}{t})f(H)e^{-itH}\psi||^{2}\frac{dt}{t}<\infty$
holds.
As for the proof, see [2].
Finally we prove the following minimal velocity estimate, which can be shown by virtue of
the Mourre estimate in Corollary 2.2.
Theorem 3.5. Let $\lambda$, $\delta$, $c$ and $f$ be also as in Corollary 2.2. Then for any real-valued $h\in$
$C_{0}^{\infty}(R)$ , there exists $\epsilon_{0}>0$ such that
$\int_{1}^{\infty}||1_{[0,\epsilon 0]}(\frac{|_{-}^{-}-|_{1}}{t})f(H)h(N_{0})e^{-itH}\psi||^{2}\frac{dt}{t}\leq C||\psi||^{2}$
for any $\psi$ $\in L^{2}(R^{2\mathrm{x}N}\cross Z^{a_{\max}})$, with $C>0$ independent of $\psi$ .
As for the proof, see [2].
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4Proof of Theorem 1.1
Throughout this section, we assume the conditions (V. $\mathrm{I}$ ), (V.2), (V.3) and (SR). First we
prove the existence of the Deift-Simon wave operators
$\check{W}_{a}^{+}=\mathrm{s}-\lim_{tarrow\infty}e^{:tH_{a}}\tilde{q}_{a}(_{\overline{t}}^{-}-)-e^{-:tH}$, $a\in A$ . (4.1)
We note that $N_{0}$ commutes with $H$ . By adensity argument, for $\psi\in L^{2}(R^{2\mathrm{x}N}\cross Z^{a_{\mathrm{m}}}\infty)$ such
that
$\psi$ $=f(H)\psi$ , $\psi=h(N_{0})\psi$
with $f$, $h\in C_{0}^{\infty}(R)$ , we have only to prove the existence of
$\check{W}_{a}^{+}\psi=\lim_{tarrow\infty}e^{:tH_{a}}\tilde{q}_{a}(_{t}^{-}--)-e^{-:tH}\psi$, $a\in A$ . (4.2)
In order to carry it out, by taking $f_{1}$ , $h_{1}\in C_{0}^{\infty}(R)$ such that $f_{1}f=f$ and $h_{1}h=h$ , we have
only to show the existence of
$\lim_{tarrow\infty}e^{*tH_{a}}.h_{1}(N_{0})f1(H_{a})\tilde{q}_{a}(_{t}^{-}--)-e^{-:tH}\psi$ , $a\in A$ . (4.3)
Here we note that
$h_{1}(N_{0})f_{1}(H_{a})\tilde{q}_{a}(_{t}^{-}--)--\tilde{q}_{a}(_{t}^{-}--)-f_{1}(H)h_{1}(N_{0})=O(t^{\max \mathrm{t}^{-1,-\mu S1}\}})=O(t^{-1})$ .
As is well-known, Proposition 3.4 implies
(4.4)$\mathrm{s}-\lim_{tarrow\infty}\{1-J^{2}(_{t}^{-}--)-\}e^{-*tH}.f(H)=0$,
where $J\in C_{0}^{\infty}(\mathcal{X})$ be acut-0ff function such that $J=1$ on $\{_{-}^{-}-\in \mathcal{X}||_{-}^{-}-|_{1}\leq\theta\}$ and
$J\geq 0$ with sufficiently large $\theta>0$ (see e.g. [1]). By virtue of (4.4), we have only to show the
existence of
$\lim_{tarrow\infty}e^{:tH_{a}}h_{1}(N_{0})f_{1}(H_{a})J(_{t}^{-}--)-\tilde{q}_{a}(_{t}^{-}--)-J(_{\overline{t}}^{-}-)-e^{-:tH}\psi$ , $a\in A$ . (4.5)
The existence of (4.5) is proved by virtue of Theorem 3.3 and Proposition 3.4 (see [2] for the
detail). Therefore we get the existence of the Deift-Simon wave operators $\check{W}_{a}^{+}$ , $a\in A$ .
Using the same argument as the one to show the existence ofthe Deift-Simon wave operators
$\check{W}_{a}^{+}$ , $a\in A$, one can prove the existence of the usual wave operators $W_{a}^{+}$ , $a\in A(a_{\max})$ , which
are defined by (1.17). For the detail, see [2]. We note that one can prove the closedness of the




in the same way as in the case for many body Schr\"odinger operators without external electr0-
magnetic fields.
Finally we prove the asymptotic completeness. We first claim that letting $f\in C_{0}^{\infty}(R)$ as in
Corollary 2.2, we have for any real-valued $h\in C_{0}^{\infty}(R)$
$\check{W}_{a_{\max}}^{+}f(H)h(N_{0})=0$ (4.6)
with sufficiently small $r>0$ in the definition of $\{\tilde{q}_{a}(_{-}^{-}-)|a\in A\}$ . In fact, by virtue of
Theorem 3.5 we have only to take $r>0$ so small that $r<\epsilon_{0^{2}}$ , where $\epsilon_{0}>0$ is as in Theorem
3.5.
Now we prove the asymptotic completeness by induction with respect to $N\geq 2$ . First we
note that in the case when $N=2$, the asymptotic completeness was proved in [1]. Assume that
the asymptotic completeness holds for $M$-body systems in which there exists only one charged
particle with $2\leq M<N$ . By adensity argument, we have only to consider $\psi\in L_{c}^{2}(H)$ such
that
$\psi=h(N_{0})\psi$ , $\psi$ $=f(H)\psi$
with $h\in C_{0}^{\infty}(R)$ and $f\in C_{0}^{\infty}(R)$ as in Corollary 2.2. Here we also notice that $\Theta\cup\sigma_{\mathrm{p}\mathrm{p}}(H)$ is
aclosed countable set (see Theorem 2.1). If we take $r>0$ so small that $r<\epsilon_{0^{2}}$ , we see that
$e^{-itH} \psi=\sum_{a\in A}\tilde{q}_{a}(_{\overline{t}}^{-}--)e^{-itH}\psi=\sum_{a\in A(a_{\max})}e^{-itH_{a}}\check{W}_{a}^{+}\psi+o(1)$
(4.7)
$= \sum_{a\in A(a_{\max})}e^{-itH_{a}}P^{a}\check{W}_{a}^{+}\psi+\sum_{a\in A(a_{\max})}e^{-itH_{a}}(Id-P^{a})\check{W}_{a}^{+}\psi+o(1)$
as $tarrow\infty$ . Here we used Proposition 3.1, the existence of the Deift-Simon wave opera-
tors $\check{W}_{a}^{+}$ , and (4.6). For any $\epsilon$ $>0$ , there exist afinite number of $\tilde{\psi}_{j}^{a}\in L^{2}(X^{a,\mathrm{n}}),\hat{\psi}_{j}^{a}\in$
$L^{2}(R^{2\cross\#(C_{\#(a)})}\cross Z^{C_{\#(a)}})$ , $\psi_{a,j}\in L^{2}(\mathrm{Y}_{a,\mathrm{n}})\otimes L^{2}(Z_{a})$ such that
$|| \check{W}_{a}^{+}\psi-.\sum_{j.\mathrm{f}\mathrm{i}\mathrm{n}\mathrm{i}\mathrm{t}\mathrm{e}}\tilde{\psi}_{j}^{a}\otimes\hat{\psi}_{j}^{a}\otimes\psi_{a,j}||<\epsilon$ . (4.8)
Now one can apply the asymptotic completeness for $K^{a}$ and $H^{C}\#(a)$ , where we recall that $K^{a}$
is an $(N-\#(C_{\#(a)}))$ -body Schrodinger operator without external electromagnetic fields in
the center of mass frame, and $H^{C}\#(a)$ is the $\#(C_{\#(a)})$ -body Hamiltonian under consideration.
We also note that the asymptotic completeness for $K^{a}$ under the condition (SR) was already
obtained by several authors (see e.g. [22], [14] and [26]).
For $a=\{C_{1}, \ldots, C_{\#(a)}\}\in A(a_{\max})$ with $\{N\}\subset \mathrm{C}\#(\mathrm{a})$ , we put $a^{\mathrm{n}}=\{C_{1}, \ldots, C_{\#(a)-1}\}$
and $a^{\mathrm{c}}=\{C_{\#(a)}\}$ . Let $A_{a}^{\mathrm{n}}$ be the set of all cluster decompositions $b^{\mathrm{n}}$ of $\bigcup_{j=1}^{\#(a)-1}C_{j}$ such
that $b^{\mathrm{n}}\subset a^{\mathrm{n}}$ , and $A_{a}^{\mathrm{c}}$ be the set of all cluster decompositions $b^{\mathrm{c}}$ of $C_{\#(a)}$ such that $b^{\mathrm{c}}\subset a^{\mathrm{c}}$ .
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Put $A_{a}^{\mathrm{n}}(a^{\mathrm{n}})=A_{a}^{\mathrm{n}}\backslash \{a^{\mathrm{n}}\}$ and $A_{a}^{\mathrm{c}}(a^{\mathrm{c}})=A_{a}^{\mathrm{c}}\backslash \{a^{\mathrm{c}}\}$ . Taking account of that the asymptotic
completeness for $H^{C}\#(a)$ , a $\in A(a_{\max})$ , holds by the assumption of induction, we have
Ran
$(Id- \tilde{P}^{a})=\sum_{b^{\mathrm{n}}\in A_{a}^{\mathrm{n}}(a}\bigoplus_{\mathrm{n})}$
Ran $\tilde{W}^{+}(K^{a}, K_{b^{\mathrm{n}}}^{a})$ (4.9)
with
$\tilde{W}^{+}(K^{a}, K_{b^{\mathrm{n}}}^{a})=\mathrm{s}-\lim_{tarrow\infty}e^{:tK^{a}}e^{-:tK_{b^{\mathrm{n}}}^{a}}\tilde{P}_{U^{1}}^{a}$




$\tilde{P}_{b^{\mathrm{n}}}^{a}=\tilde{P}_{b^{\mathrm{n}}}^{a}\otimes Id$ is the eigenprojection for the subsystem Hamiltonian associated with $K_{\nu^{1}}^{a}$ , as
well as








$\hat{P}_{b^{\mathrm{c}}}^{a}$ is the eigenprojection for $H_{b^{\mathrm{c}}}^{C_{\#(a)}}$ , which is defined in the same way as $P^{a}$ associated with
$H_{a}$ . Thus there exist $\tilde{\varphi}_{b_{\dot{O}}^{\mathrm{n}}}\in L^{2}(X^{a,\mathrm{n}})$ , $b^{\mathrm{n}}\in A_{a}^{\mathrm{n}}(a^{\mathrm{n}})$ , such that
$(Id- \tilde{P}^{a})\tilde{\psi}_{j}^{a}=\sum_{b^{\mathrm{n}}\in A_{a}^{\mathrm{n}}(a^{\mathrm{n}})}\tilde{W}^{+}(K^{a}, K_{b^{\mathrm{n}}}^{a})\tilde{\varphi}_{b_{\dot{\theta}}^{\mathrm{n}}}$
(4.11)
by (4.9), and there exist $\hat{\varphi}_{b^{\mathrm{c}}i}\in L^{2}(R^{2\mathrm{x}\#(C_{\#(a)})}\cross Z^{C_{\#(a)}})$, $b^{\mathrm{c}}\in A_{a}^{\mathrm{c}}(a^{\mathrm{c}})$, such that
$(Id-\hat{P}^{a})\hat{\psi}_{\mathrm{j}}^{a}=$ $\sum$ $\hat{W}^{+}(H^{C}\#(a), H_{b^{\mathrm{c}}}^{C_{\#(a)}})\hat{\varphi}_{b^{\mathrm{c}_{\dot{\beta}}}}$ (4.12)
$b^{\mathrm{c}}\in A_{a}^{\mathrm{c}}(a^{\mathrm{c}})$
by (4.10). Thus, taking account of
$Id\otimes Id-\tilde{P}^{a}\otimes\hat{P}^{a}=(Id-\tilde{P}^{a})\otimes(Id-\hat{P}^{a})+(Id-\tilde{P}^{a})\otimes\hat{P}^{a}+\tilde{P}^{a}\otimes(Id-\hat{P}^{a})$ ,
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we have as $tarrow \mathrm{o}\mathrm{o}$
$e^{-itH}\psi$
$= \sum_{a\in A(a_{\max})}e^{-itH_{a}}P^{a}\check{W}_{a}^{+}\psi+o(1)+O(\epsilon)$
$+ \sum_{a\in A(a_{\max})}\{.\sum_{b^{\mathrm{n}}\in A_{a}^{\mathrm{n}}(a^{\mathrm{n}})}e^{-itH_{a}}(\tilde{W}^{+}(K^{a}, K_{b^{\mathrm{n}}}^{a})\tilde{\varphi}_{b^{\mathrm{n}},j}\otimes\hat{W}^{+}(H^{C}\#(a), H_{b^{\mathrm{c}}}^{C_{\#(a)}})\hat{\varphi}_{b^{\mathrm{c}},j}\otimes\psi_{a,j})$
$j:\mathrm{f}\mathrm{i}\mathrm{n}\mathrm{i}\mathrm{t}\mathrm{e}$
$b^{\mathrm{c}} \in A_{a}^{\mathrm{c}}(a^{\mathrm{c}})+\sum_{b^{\mathrm{n}}\in A_{a}^{\mathrm{n}}(a^{\mathrm{n}})}e^{-itH_{a}}(\tilde{W}^{+}(K^{a}, K_{b^{\mathrm{n}}}^{a})\tilde{\varphi}_{b^{\mathrm{n}},j}\otimes\hat{P}^{a}\hat{\psi}_{j}^{a}\otimes\psi_{a,j})$
$+ \sum_{b^{\mathrm{c}}\in A_{a}^{\mathrm{c}}(a^{\mathrm{c}})}e^{-itH_{a}}(\tilde{P}^{a}\tilde{\psi}_{j}^{a}\otimes\hat{W}^{+}(H^{C}\#(a), H_{b^{\mathrm{c}}}^{C_{\#(a)}})\hat{\varphi}_{b^{\mathrm{c}},j}\otimes\psi_{a,j})\}$ .
(4.13)
For $b^{\mathrm{n}}=\{B_{\mathrm{l}}^{\mathrm{n}}, \ldots, B_{\#(b^{\mathrm{n}})}^{\mathrm{n}}\}\in A_{a}^{\mathrm{n}}$ and $b^{\mathrm{c}}=\{B_{1}^{\mathrm{c}}, \ldots, B_{\#(b^{\mathrm{c}})}^{\mathrm{c}}\}\in A_{a}^{\mathrm{c}}$ , we write
$b^{\mathrm{n}}+b^{\mathrm{c}}=\{B_{\mathrm{l}}^{\mathrm{n}}, \ldots, B_{\#(b^{n})}^{\mathrm{n}}, B_{1}^{\mathrm{c}}, \ldots, B_{\#(b^{\mathrm{c}})}^{\mathrm{c}}\}$ $\in A_{a}=\{b\in A|b\subset a\}$ .
We note that, for $b^{\mathrm{n}}\in A_{a}^{\mathrm{n}}$ and $b^{\mathrm{c}}\in A_{a}^{\mathrm{c}}$, we see that $b^{\mathrm{n}}+b^{\mathrm{c}}$ , $b^{\mathrm{n}}+a^{\mathrm{c}}$ , $a^{\mathrm{n}}+b^{\mathrm{c}}\in A(a)=$
$\{b_{1}\in A|b_{1}\subset\sim a\}=A_{a}\backslash \{a\}$. Taking account of the definition of $\tilde{W}^{+}(K^{a}, K_{b^{\mathrm{n}}}^{a})$ and
$\hat{W}^{+}(H^{C}\#(a), H_{b^{\mathrm{c}}}^{C_{\#(a\rangle}})$ , and rearranging some terms in (4.13) with respect to $b\in A(a)$ , we have
as $tarrow \mathrm{o}\mathrm{o}$
$e^{-itH} \psi=\sum_{a\in A(a_{\max})}e^{-itH_{a}}P^{a}\check{W}_{a}^{+}\psi+.\sum_{j.\mathrm{f}\mathrm{i}\mathrm{n}\mathrm{i}\mathrm{t}\mathrm{e}}\sum_{ba\in A(a_{\max})\in A(a)}e^{-itH_{b}}P^{b}(\psi_{j}^{b}\otimes\psi_{a,j})+o(1)+O(\epsilon)$
(4.14)
with some $\psi_{j}^{b}\in L^{2}(X^{a,\mathrm{n}})\otimes L^{2}(R^{2\cross\#(C_{\#(a)})}\cross Z^{C_{\#(a)}})$ . Multiplying both sides of (4.14) by
$e^{itH}$ and taking $tarrow\infty$ , we have
$\psi=\sum_{a\in A(a_{\max})}W_{a}^{+}\check{W}_{a}^{+}\psi+.\sum_{j.\mathrm{f}\mathrm{i}\mathrm{n}\mathrm{i}\mathrm{t}\mathrm{e}}\sum_{ba\in A(a_{\max})\in A(a)}W_{b}^{+}(\psi_{j}^{b}\otimes\psi_{a,j})+O(\epsilon)$
. (4.15)
Since one can take $\epsilon>0$ arbitrary, this implies
$\psi\in\sum_{a\in A(a_{\max})}\oplus RanW_{a}^{+}$
,
by virtue of the closedness of the ranges of $W_{a}^{+}$ , $a\in A(a_{\max})$ . The proof is completed. $\square$
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